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A DYNAMIC ANALOGY FOR FOUNDATION-SOIL SYSTEMS 
BY ADRIAN PAuw1 
SYNOPSIS 
This paper presents a procedure whereby the dynamic soil constants re-
quired for the accurate prediction of the natural frequencies of a foundation-soil 
system may be determined. The foundation-soil system is treated by con-
sidering the foundation mass to be supported by a truncated pyramid of "soil 
springs." By the use of this analogy, the effect on the spring constants of the 
size and shape of the contact area and the effect of increasing soil modulus with 
depth may be evaluated. The analogy further permits the computation of the 
effective or apparent mass of soil moving with the foundation. 
Analytical expressions are derived for the dynamic soil constants and are 
presented in graphical form to permit rapid · calculation. The equations of 
motion for a block foundation are next discussed and sample calculations for 
determining the natural frequencies of a typical foundation are shovm. In con-
clusion, the accuracy of the procedure is demonstrated by comparing computed 
frequencies with the frequencies observed on experimental model foundations. 
The need for a satisfactory rational method of designing machine foundations 
has existed for a long time. Although the cost of the foundation usually represents 
only a small portion of the total cost of an installation, the behavior of the founda-
tion is a major consideration in insuring satisfactory performance of the machine. 
All too often has the difficulty and importance of designing a suitable machine founda-
tion been underestimated. 
That knowledge in this field has lagged behind other branches of technology is 
partly due to the fact that responsibility for a satisfactory installation is divided 
between two branches of engineering. The machine designer's responsibility does 
not extend beyond the design of the machine; the foundation engineer must design a 
suitable foundation for it-a problem much more complex than the design of a 
foundation which supports only static loads. In machine foundations additional 
dynamic forces must be resisted which alter the behavior of both the foundation 
and the soil supporting it. 
Machine foundations may be classified into three groups on the basis of the operat-
ing frequency of the machine (1).2 
A- Low to medium frequencies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 to 500 rpm 
B- Medium to high frequencies . ...... . .. . .. . . .. . .. . . . ..... 300 to 1000 rpm 
C- High frequencies. . . . . . . . , . . . . . . . . . . . . . . Greater than 1000 rpm 
1 Associate Professor of Civil Engineering, University of Missouri, Columbia, Mo. 
2 The boldface numbers in parentheses refer to the list of references appended to this paper, seep. 112 . 
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Group A comprises large reciprocating engines, compressors, large blowers, etc. 
Reciprocating engines operate at frequencies from SO to 250 rpm but they have con-
siderable second harmonic content, so that sizable dynamic forces up to 500 rpm 
must be withstood by the foundation (2). For this group, foundations of the block 
type with large soil contact surface are generally employed. 
The second group consists of foundations for medium size reciprocating engines, 
such as diesel and gas engines, as well as blowers and other rotating machinery. In 
this group the natural frequency of the machine is apt to coincide with one of the 
natural frequencies of a block foundation resting directly on the ground. Spring 
supported foundations are usually prescribed in order to reduce the natural fre-
quencies of the foundation to values considerably below the operating frequency. 
This type of foundation is readily designed by application of the theory of vibration; 
dP 
dz 
ldP 
FrG. 1.-Plane Stress Deformation. 
the springs isolate the soil from the effect of the dynamic forces and hence this type 
of foundation does not present any particular problem in soil dynamics. 
Group C includes high-speed internal combustion engines, electric motors, and 
steam turbines. In these installations the operating frequency of the machine usually 
lies well above any of the natural frequencies of the foundation. Where massive 
block foundations are used, small contact surfaces and cork isolation pads are desir-
able to lower the natural frequencies and increase damping. Turbines require framed 
foundations which behave in a manner similar to spring supported foundations. 
The columns supporting the foundation table act as springs, thereby adding addi-
tional degrees of freedom to the system. The design of such foundations will not be 
considered in this paper. The discussion will be limited to the analysis of block founda-
tions in direct contact with the supporting soil. 
ANALOGOUS SYSTEM FOR BLOCK FOUNDATIONS 
Massive block foundations or rigid cellular structures with massive walls can 
generally be treated as equivalent single mass systems. Where such systems are sub-
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jected to vibratory or repetitional forces, as many as six types of motion may be 
produced, the number of modes of oscillation corresponding to the six degrees of 
freedom of the system. The determination of the natural frequencies of these modes 
is of paramount importance in the design of a machine foundation, for resonance 
occurs if the operating frequency of the machine, or one of its harmonics, coincides 
with a natural frequency. Large amplitudes of oscillation may then ensue which may 
cause excessive settlement and structural damage to both the foundation and ad-
jacent structures. It is therefore of prime importance that the foundation be designed 
in such a manner that resonance is avoided. 
If it were possible to consider the foundation to be equivalent to an elastically sup-
ported mass point system, the determination of the natural frequencies would be a 
comparatively simple matter, provided the equivalent spring constants of the "soil 
springs" could be determined. It has been observed, ,however, by many investi-
gators (3, 4, 5) that such an oversimplification of the system will not yield suffi-
ciently accurate results. In the case of an actual foundation, the weight of the soil 
springs cannot be neglected; neither can the effect on the spring factors of the size, 
shape, and weight of the foundation be ignored. Several remedies for this situation 
have been proposed. These remedies are all similar, in that it is assumed that the 
mass of the equivalent system is equal to the mass of the foundation and the machine 
plus the effective weight of the soil which vibrates with it; the remedies differ only in 
the assumptions used to determine the mass of the vibrating soils. Lorenz (3), in 
his research with soil vibrators, made the assumption that the weight of the vibrating 
soil constituted a part of the weight of the vibrator and that the seat of the forces 
of elastic restitution had no weight. Actually, the zone that vibrates under the in-
fluence of the periodic impulse is not sharply defined and depends on the physical 
properties of the subgrade. The problem of a vibrator resting on the horizontal sur-
face of a semi-infinite elastic isotropic mass has been treated analytically both by 
Reissuer (6) and Quinlan (7). Such analyses are limited in their application to par-
ticular shapes of contact surfaces and to ideal soil conditions. In a procedure pro-
posed by Crockett and Hammond (8), the apparent mass of the vibrating soil is 
determined from the volume contained in the envelope of the "pressure bulb" for 
some selected pressure intensity. Such a computation presupposes not only a knowl-
edge of the stress distribution in the soil but also that the zone of soil vibrating with 
the foundation is sharply defined. · 
It is the primary purpose of this paper to present an analogy whereby both the 
equivalent spring factors and the apparent mass of soil vibrating with the foundation 
may be determined in a rational manner. 
THE "SOIL-SPRING" ANALOGY 
Unfortunately, from the mathematical point of view, soils are not homogeneous, 
isotropic, elastic materials and hence do not lend themselves to rigorous mathematical 
treatment. In dealing with such materials, it is therefore necessary to make some 
simplifying assumptions in order to permit development of mathematical expres-
sions for describing physical phenomena. The accuracy with which such expressions 
can be used to predict actual field conditions will depend not only on the nature of 
the assumptions but also on the phenomena or properties which are to be predicted. 
A common assumption used in dealing with soils problems is that the bearing 
capacity of the soil is determined by the shearing resistance. The latter in turn 
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is assumed to be described by Coulomb's law: 
S = c + N tan cf> .. . . . . .. . . . ... . . .. . .. .... . . ..... (1) 
where: 
S = the maximum shearing resistance, 
c = the cohesion, 
N = the normal pressure on the shear plane, and 
cp = the angle of internal friction. 
For cohesionless soils, such as sands, c is relatively small and may be neglected. 
Under usual soil conditions, the normal load will be proportional to the depth below 
the surface of the ground; it follows that the shearing resistance will then also be 
proportional to the depth. For very cohesive soils, such as clays, cp tends to be very 
small; the shearing resistance is therefore essentially constant with depth. Since the 
effective modulus of elasticity of soils is approximately proportional to the shearing 
strength, the following assumptions are made in the development given below: 
1. For cohesionless soils the modulus of elasticity is proportional to the effective 
depth. 
2. For cohesive soils the modulus of elasticity is constant. Intermediate soil con-
ditions may be treated by interpolation on the basis of Coulomb's law. 
An additional simplifying assumption is made which involves the stress distribu-
tion due to surface loads. In a homogeneous, isotropic, elastic material, the stress 
distribution may be determined by Boussinesq's equation. When applied to soils 
problems, these equations are only approximately correct for not only is it assumed 
that the soil is homogeneous and isotropic, but it is also necessary to assume the 
surface pressure distribution. In the development that follows, the stress distribu-
tion is further simplified by assuming that only a truncated cone or pyramid of soil 
directly under the contact surface is effective in distributing the load, and that the 
stress distribution over any section parallel to the contact surface is uniform. It is 
realized that this assumption is somewhat inaccurate for determining the stress dis-
tribution in the soil. In the problem at hand, however, we are interested in the stress 
distribution oniy as a means to compute the effective dynamic subgrade reaction at 
the contact surface. By an extension of St. Venant's principle, it can be demonstrated 
that the exact nature of the stress distribution in the body of soil is only of secondary 
importance. 
EQUIVALENT SOIL-SPRING FACTORS 
A spring factor may be defined as the force or the moment exerted on a system 
when the system is displaced a unit distance, or rotated through a unit angle, from 
the equilibrium position. The dimensions of the spring factors are such that the prod-
uct of the spring factor and the corresponding displacement has the dimension of 
work. For a foundation with six degrees of freedom, six spring constants are required 
for each surface in contact with the soil. 
Horizontal Contact Surface-Cohesionless Soils: 
Vertical Displacement (k.xy) .-Consider an elemental cube of dimensions dz sub-
jected to a vertical load dP, producing a distortion do. The elastic modulus of a 
94 SYMPOSIUM ON DYNAMIC TESTING OF SOILS 
material is defined as: 
dP/dz2 dP 
E = -- = - . ... .. .... . ...... . . ... . ... ...... (2) 
do/dz dzdo 
Consider next a rectangular area of length a and width b, loaded with a uniform 
load q (Fig. 2) . Let the effective zone be the volume of the truncated pyramid de-
fined by the surface area ab and the planes sloping at an angle tan-1 r Since the dead 
load of the foundation acts as an equivalent surcharge, the effective soil modulus for 
0.2 
0.5 
.cl 1.0 
.0 
"' 2.0 
,... 
5.0 
0 
Unit Surface Loa d 
l\\' 
Ill 
,\\\ 
\, 
\ 
Cohesio nless Soi l 
kz' /3 b2 Y;' t\ 
k, = /3' b2y;v I.\\ 
ky= /3 ' b2 y'Y w ', . \ 
I"-... - - - ---
.'\... 
I'-.."--' " --------------'\... ,._____ r=J ,... - ra 
" '-- ---- ------ r=2 ,--" ----- ---- r=4 y'Y ---- xz 
r -"' r=I r 
r =..Q... 
b 
s - C!!L - b 
' 1T 
E (z)-/3(h+z) E (z)- E 
Cohes ionl ess 
Soil 
/3' /3 
= 2(1+µ.) 
,/3b4 y;~ 
k~~ :. ,8 b4 y;~ 
k~~= /3'b4(y;~ +r::) 
' '-, --~ " -----"" '- '-::;::::;:: r=4 
------ ---- r=2 '--:: -:- r=I 
----
r=2 
r=4 
r::a:, 
2 3 4 
y'Y _ z _ 
5 0 0.2 0.4 0.6 0.8 1.0 
yXY 
r 
- , 
FIG. 2.- Equivalent Soil Spring Constants for Horizontal Contact Surfaces. 
any depth is given by: 
E(z) = (3(h + z).... . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3) 
where f3 is the rate at which the modulus increases with depth and his the equivalent 
surcharge. Then, 
h = g ........... ... ......... .. ... . . . . . ..... (4) 
p 
where p is the density of the soil. 
The total pressure on any horizontal section is: 
(a+ az)(b + az) ( ) 
P. = ------ E z dz do 
dz2 
(3 
(a + az)(b + az)(h + z) -- do 
dz 
. . . ... . . . .. . . .. . . . ..... (5) 
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and the total surface deformation is therefore given by the infinite integral : 
Pz j"' dz 
o'(O) = (3 (a + az)(b + az)(h + z)" · · · · · · · · · · · · · · · · · · · · · (6) 
0 
In evaluating this integral it is convenient to define the dimensionless parameters : 
a 
r = -b, a> b, and 
ah 
s = b .... ... ... ..... . ... . .. . en 
Equation 6 can then be written: 
dz 
where: 
P, j"' dw 
o'(O) = (3b2 0 (r + w)(l + w)(s + w) · · · · · · · · · · · · · • • • · • · · · • (S) 
7' /dT 
---1 
"""'"""",«--t'-,~ I 
dz 
I 
FIG. 3.-Shearing Stress Deformation. 
az 
w = -
b 
By definition the spring factor is given by the relation : 
P, 
k,xy = o'(O) ......... .. . .. . .. . .. . .. ....... ..... (9) 
Therefore: 
kzxy = (3b2y,xy • .. • .. • . . .... . ... • • . • . • • . . • . . • . . . (10) 
where 'Y .fY is defined by : 
1 "' dw 
'Y,xy = f (r + w)(1 + w)(s + w) · · · · · · · · · · · · · · · · · · · · · · · (ll) 
0 
Equation 11 may readily be integrated by separation into partial fractions and 
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yields the following: 
(r - s)(r - l)(s - 1) 
"Yzxy = ----- ---- -
(r - 1) log s - (s - 1) log r ' 
(s - 1)2 
(s - 1) - logs 
(r - 1)2 
(r - 1) - log r 
s(s - 1)2 
s log s - (s - 1) 
= 2 
r = 1, s 1 
r 1, s = 1 · · · · · · · · · · · · · · (l 2) 
r = s 1 
r = s = 1 
Values of 'Yzxy may also be computed by the use of Fig. 2, where 'Yzxy /r is plotted as 
a function of s for several ratios of r. 
The spring factors for a circular contact surface may be determined in a similar 
manner and are found to be: 
7r 
kzxy = - {3 d2-y,xY. . • .. . , . . , • ... • . . • • .. • . . ... . .. (13) 
4 
where 'Y.XY is given by Eq 12 for the case r = 1, dis the diameter, ands = ah/d. 
Horizontal Displacement (kxxy, kyxY).-Consider the elemental cube dz subjected 
to a shearing force dF producing a distortion dr. The shearing modulus is defined as: 
dF/(dz) 2 dF 
G = dr/dz = dz dr. · · · · · · · · · · · · · · · · · · · · · · · · · · · (l4a) 
The shearing modulus G is related to the elastic modulus E by the well known 
formula (9) : 
E 
G = 2(1 + µ) .. ... . .. ... . .. ......... .. ... . .. . (14b) 
where Jt is Poisson's ratio. For sand, Poisson's ratio has been found to have a value 
of about 0.35 (7). 
Defining 
G(z) = {3'(h + z) ....... . : . . .... .. .... .. . . . . ..... . (15) 
it is evident that {3' is given by: 
{3' = 2(1: µ) .. .......................... . . ... (16) 
Expressions for the spring factors kxxy and kyxy may now be derived in a similar 
manner as for k.xy and it follows that: 
kxxy = ky xy = {3'b2-yx xy = (3'b2-yyxy , . . ... .. . . ..•..••.... . . . (17) 
where 'Yxxy and 'Y/Y are both equal to 'Yzxy of the previous section. 
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Rotation About x-Axis (kyzxy).-For this case the spring factor is defined as the 
soil reaction moment due to a unit rotation about a centroidal axis in the contact 
plane, parallel to the long dimension a (Fig. 2) . It is assumed that horizontal planes 
in the effective zone are not distorted but remain plane after rotation. For this as-
sumption the moment on any horizontal section is: 
+(b+az) 
Y--- a+ OiZ 
Mx = J -(b+2az) y2 d0[(3(h + z)] -- dy 
Y- - - dz 
2 
(3 (h + z)(a + az)(b + az) 3 = - -------- do 
12 dz 
.. (18) 
Defining w = az/b and the parameters r = a/bands = ah/bas before, the surfan 
rotation may be shown to be: 
12Mx !"' dw ox (0) = -- ( )( )( ) . , ...... ,. , • .. •, . , , (19) 
(3b 4 0 r + w s + w 1 + w 3 
By definition the spring factor is: 
... (20) 
where 'Yyz"Y is defined by: 
1 ., dw 
'Yyzxy = 12 l (r + w)(s + w)(l + w) 3 .. .... .. .. " ..... . .. ( 21) 
Evaluation of the integral of Eq 21 yields: 
i ·[ (r - s)(s - l)(r - 1) ] 
"(y,xy = 12 (r - 1) (s - 1) 1 1 1 ' 
.--. - log s - --- log r + (r - s) (- - -- - --) (s - 1)2 (r - 1)2 2 r - 1 s - 1 
1 [ (s - 1) 3 ] 
= 12 1 _ (s - 1) + (s - 1)2 _ ' 
2 3 (s - 1) 
r = 1, s ;;,! 1 
1 [ (r - 1) 3 ] r ;;,! 1, s = 1 
. . . . .. . .......... .. (22) 
= 12 (r - 1) (r - 1)2 log r ' 
1--- + -- ---
2 3 (r - 1) 
1 [ (r - 1) 3 ] 
= 12 3 log r (1 r - 1) ' --- - +2---
(r - 1) r 2 
1 
3' 
r = s = 1 
r = s ;;,! 1 
A plot of "/yz"Y /r for several ratios of r is also shown in Fig. 2. 
Rotation About y-Axis (kx:fY).- For rotation about the y-axis, the moment on any 
section is: 
(3 (h + z)(b + z)(a + az) 3 
},If y = -------- do ... 
12 dz 
.. (23) 
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and the rotation of the contact surface is given by: 
eY (0) = _12_M_Y j"' dw ( ) 
{3b 4 
0 
(1 + w)(s + w)(r + w) 3 · · · • • • • • • • · • · · • • · · · · 24 
The spring factor may be computed from the relation : 
kx,xy = {3b'')'x,xy . ... . . . .. . .. . .. (25) 
where 'Yx.zxy is defined by: 
xy ,n 12 l" (1 + w)(s :w w)(r + w)3 ... . .... . . .... . .. .... (26) 
"/x.XY = "/yzxy for r = lj for r ;;,!'. 1: 
')'x,xy = - ---------------------- r r" s r" 1 1[ (r-s)(s-l)(r-1) ] 
12 (r - 1) s (r - s) s - 1 (1 1 1 ) ' -- log -+---logr+-- - + --+--
(r - s)2 r (r - 1)2 r 2 r - s r - 1 
= / 2 [ · 3 (, ( !)' 2 , _ ')], r r" 1, s = 1. .. . .. ... .. .. . ... ... (27) 
-- log r + 1 + - + -
r - 1 r 2r' 
1 [ (r - 1)3 ] 
= 12 log r (1 r - 1 (r - 1)2) ' --- - +--+--
r - 1 r 2r2 3r2 
r = s r" 1 
'Yxzxy Jr is also plotted in Fig. 2. 
Rotation About z-Axis (kxyxY).-Utilizing Eq 15 for the shearing modulus, the 
moment on any horizontal section may be shown to be: 
M, = f!'__ [(h + z)(a + cxz)(b + cxz) 3 + (h + z)(a + cxz) 3(b + cxz) ] de . ... . .. (2S) 
12 dz 
Comparison of Eq 28 with Eqs 18 and 23 shows that Eq 28 can be written : 
(3' 
M, = i IMx +My]. .......... . .. .. . . . .. ... .. .. . . (29) 
It follows that : 
kxyxy = {3'b4')'xyxy .... . .. , .... . . , . .. ... . . . . , , . . , . , (30) 
where : 
. .. ..... .. . ........ (31) 
The spring factors ky.xy, kxzxY, and kxyxy for a circular contact surface may be de-
rived in a similar manner and are: 
3,r 
k xy = b_ xy = _ [3d4')' xy. 
yz • ~:ii::;,:. 16 yz ' kxyxy = 38,r ,B' d4-y y,xy .... • • • • • • • . • .. (32) 
where "/yzxy is defined by Eq 22 for the cases r = 1, d is the diameter, and s = ah/ d. 
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Horizontal Contact Surface-Cohesive Soils: 
Vertical Displacement (kzxY) .-The spring factors for cohesive soils may be deter-
mined in a similar manner, except that for these soils the modulus is assumed to be 
constant. Equation 5 becomes: 
E(a + az)(b + az) 
P, = dz do. .. . . .. ..... . .. . ...... . ... (33) 
The surface deformation then is: 
"(0) = 1"" dw . ( ) u a Eb O (r + w)(l + w) · · · · · · · · · · · · · · · · · · · · · · · · · 34 
where w = az/b and the parameter r = a/bas before. It follows that: 
P, 
k,xy = /l'(O) = &by,xy . . ... . . ..... . . . .•....• •. .. . ... (35) 
where 'Y .xy is defined by: 
1 1"" dw 
y,x Y = 0 (r + w)(1 + w)° .... . . . ...... . . . ... . . . . . . . (36) 
Integration of Eq 36 yields: 
r - 1 
1'zxy = --
Jog r ' 
r 1 
1 r = 1 
. . . . . . . . .... .. ... . . .. .. .. . (37) 
Horizontal Displ<Uement (kxxy, kyxY).- As is the case for cohesionless soil, the only 
change required is the substitution of G for E in the above derivation. Data for 
Poisson's ratio is not readily available; for saturated soilµ = 0.50 would be a reason-
able assumption. The spring factors are given by: 
........ .. .. . . .. ... . .. .. (38) 
where 'Y.XY is given by Eq 37. 
Rotation About x-, y-, and z-Axes (kyzxy, kxzxy, kzyxy).- The procedures used for 
cohesionless soils may again be used with the exception that E is substituted for 
(3(h + z). The following equations are readily derived: 
Mx 
k xy = -- = Eab3~ xy 
y, ox(o) ,yz 
My 
kx,xy = OY(O) = fub 3"(u"Y .... . , . , , . , .. • •.. • • .. •. •• .. (39) 
M, 
k. xy = -- = Gab 3~ xy 
x y o•(O) '"' 
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where: 
1 [ (r - 1)2 ] "/yzxy = - , 
12 log r _ 3 - r 
r - 1 2 
r 1 
1 
r = 
4 
.... .. .... .... .... (40) 
-y.,xY = 12 log r _ 3r - ; ' 
1 [ (r - 1)2 ] r 1 
r - 1 2r2 
r = 
4 
and 'Yxyxy = "(y,XY + 'Yxzxy, 
ry/r values for cohesive soils may also be determined from Fig. 2. 
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FIG. 4.- Equivalent Soil Spring Constan ts for Vertical Contact Surfaces. 
Vertical Contact Surface: 
Only the case of a vertical contact surface parallel to the zx-plane will be discussed; 
the equations for a surface parallel to the yz-plane will be similar except that x and y 
are interchanged and b replaces a in all equations. 
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Consider the lateral soil pressure on a foundation block (Fig. 4). The depth of em-
bedment is designated by D1 and the length of the contact surface is a. The effective 
zone is the volume enclosed by the surface of the ground and the sloping planes 
through the edges of the contact surface. The only differences between the deriva-
tions for horizontal contact surface and the vertical contact surface are the following: 
1. For cohesionless soils h = O; therefore Eq 3 becomes: 
E(z) = {Jz . . (3a) 
where z is measured from the surface of the ground. 
TABLE I.-SPRING FACTORS FOR A VERTICAL CONTACT SURFACE PARALLEL TO THE xz-PLANE. 
Cohesionless Soil Cohesive Soil 
kyzxz = a{3a4-yyzxz 
kxyxz = a.Ba''Yxyxz 
where: 
'YY = 8 tlog t _ I ' xz I [ t(l ....: !) ] 
t - I 
=¼ I= I 
kyxz = aEa-yyxz 
kxxz = kyxz = aGa-yyxz 
where: 
" I [' - I] 7y=21og1• t,.<1 
= ½ I= I 
I [ (t - 1)3 ] 
"(yzx' = 64 log t _ (! J_::J (I - !)') ' 
t-1 ,+ 212 + 3/3 
t ,.< I "fyz - 24 log I _ ~ - __! ' x, _ I [ (I - I)' ] 
I - I 212 
=¼ I= I =½ 
I [ (I - 1)3 ] t ,.< I xz _ I [ (I - 1) 2 ] 
"(xyx, = 96 3 log t _ ( ! + 2 _ ~) ' "/XY - 24 , 
t - I I 2 I - I 2 
= ½• t = I =½ 
")'xzxz = 'YYZXZ + 'YXY X, ')'xzxz = ')'yzxz + ')'xyxz 
2. The parameter r is replaced by t, where tis defined by: 
2Dr 
I ,.< I 
t = I 
t ,.< I 
I= I 
2Dr 
t= -
a 
or t = - .. · · ·· ······ ······" b 
depending on the contact surface considered. 
3. Since h = 0, the parameter s does not appear. 
. (41) 
4. The coordinate system is taken at the center of the contact surface and the 
surface of the ground. This is important in determining the action lines of the re-
sulting spring factors. 
The derivations will not be given. The resulting equations, however, are tabulated 
in Table I, and curves for 'Y are shown in Fig. 4. 
In the above development it has been tacitly assumed that negative stresses with 
respect to the normal stress state in the soil can occur. Cohesionless soils cannot take 
tensile stress; hence the results are not valid if the dynamic tensile stresses exceed 
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the initial dead load stresses due to surcharge. In that case the k values are not con-
stant but will decrease with increasing displacement amplitudes and resulting oscil-
lations will be nonlinear. Nonlinear oscillations are especially likely to occur in foun-
dations subject to large horizontal dynamic forces. Under normal operating condi-
tions, however, only small displacements can be tolerated and k may be assumed 
constant. 
If the soil is subject to shrinkage, surface cracks can be expected to develop. Such 
cracks will affect the magnitude of the effective spring factors, and the behavior of 
foundations on such soils can be expected to vary with seasonal fluctuations of soil 
moisture. 
The values of (3, a, µ, G, and E must be determined experimentally- preferably by 
use of dynamic soil tests in the field. Even though the soil modulus may increase 
with depth, the soil is assumed to behave elastically. Spring factors for contact sur-
faces other than rectangular, for multiple contact surfaces, or for foundations on 
stratified soils may therefore be determined by superposition methods. The theory 
is thus quite flexible in its application to special problems. 
APPARENT MASS FACTORS 
An estimate of the apparent mass factors acting at the contact surface can be made' 
under certain circumstances, by equating the kinetic energy of an equivalent con-
centrated mass to the total kinetic energy in the effective zone. 
Horizontal Contact Surface: 
Apparent Mass (M•).-The kinetic energy of the apparent mass is: 
M•[t(0)]2 M•w2[o(0)]2 
T. = - - - = ---- . 
2 2 
where: 
o(O) = the vertical displacement amplitude of the contact surface, 
8(0) = the vertical velocity amplitude of the contact surface, and 
w = the frequency of oscillation, in radians per second. 
The kinetic energy of the soil in the effective zone is: 
. . . . . (42) 
p j"' . pw2 j"' T, = - A(z)[o(z)]2 dz = - A(z)[o(z) ]2 dz .. . . . . ........ ... (43) 
2g O 2g 0 
where A(z), the area of a horizontal section at depth z, is: 
A(z) = (a + az)(b + az) . . ... . . . .. ...... ....... (44) 
and g is the acceleration of gravity. 
The vertical displacement of the section may be obtained from Eqs 5 or 33 by 
integrating from z to infinity. Thus for cohesionless soil : 
P, J"' dz o(z) = - ) ) ) .. . 
(3 , (a + az (b + az (h + z .. .... . (45a) 
0.2 
0,5 
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FIG. 5.-Apparent Mass Factors for Horizontal Contact Surfaces. 
104 SYMPOSIUM ON DYNAMIC TESTING OF SOILS 
and for cohesive soil: 
P Jm dz 
o(z) = Ji z (a + az) (b + az) · · · · · · · · · · · · · · · ... (45b) 
Equating Eqs. 42 and 43 and solving for M•: 
P l" A (z) [o(z) ]2 dz . .. . ......... .. ............. ( 46) 
M• = -~-----
• g [o(O) ]2 
Substituting Eqs. 44 and 45, and with r, s, and was previously defined, we obtain: 
pbz 
kl• = - Cm, •...•.............•......... .. ... (47) 
ga 
where, for cohesionless soil: 
fm [fm dw ]2 o (r+w)(l+w) w (r+ w)(l+ w)(s +w) dw 
Cm = [lm (r + w)(l w)(s + w)T .... .. (4Sa) 
and for cohesive soil: 
lm (r + w)(l + w) [.( (r + + w)J dw 
Cm= m .. ... .. .. .. .. (48b) 
[l (r + + w)T 
For the special case r = s = 1, Cm = 1 for cohesionless soil. For cohesive soil the 
infinite integral (Eq 48b) does not converge on a finite limit. This condition results 
because the velocity of wave propagation has not been considered. Consequently 
for cohesive soil, wave propagation theory rather than static displacement must be 
employed in calculating the apparent mass.3 Equation 48a has been evaluated by 
numerical integration for several values of r and s and results are shown in Fig. 5. 
It should be noted that for horizontal displacement the equations for o(z) are the 
same except that (3' replaces (3 and G replaces E. Since these factors cancel out in the 
expression for M•, the same apparent mass term is used for all three modes. 
For circular contact areas: 
A (z) = 1.'. (d + o:z)2_ 
4 
and the equation for apparent mass is consequently: 
1rpdz 
kl• = - Cm . .. 
4ga 
where Cm is defined by Eq 48 for the case r = 1. 
. . (49) 
.. (50) 
Apparent Mass Moment of Inertia (J•).-The apparent mass moment of inertia 
may be estimated in a similar manner. The equations for kinetic energy are: 
3 Analytical solutions for a few special cases have been obtained, Reissuer (6 ) and Quinlan (7). 
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J•[il(0) ]2 J•w2[11(0)]2 
T. = - 2- = 2 .. .... .. ..... . ... . .. . . . .. . . (51) 
and: 
pw2100 pw2b f oo 
T. = - J(z)[l1(z) ]2 dz = - I(w)[O(w)]2 dw . .. .• ... ..... . . (52) 
2g ,-o 2ga .,-o 
I(w), the moment of inertia of a horizontal section, at depth w = ~z about the x, y, 
and z axes, is given respectively by: 
b4 
I x(w) = 12 (r + w)(1 + w)3 
Iy(w) = ~: (1 + w)(r + w)a · · · · · ·· · · · · · · · · · · · · · · "· · · (53) 
I,(w) = Ix.(w) + Iy(w) 
(w), the rotation of horizontal sections, is given by: 
Mx 
ox(w) 
(3b4'Yy,(w) ' 
where 
My 
11Y(w) = 
(3b4'Yxz(w) ' 
where 
M, 
o•(w) = (3'b4'Yxy(w) ' where 
for cohesionless soils, and by: 
Mx 
ox(w) = ---
Eb3'Yy,(w) 
where 
where 
1 121 
00 
dw 
-- = 
'Yy,(w) (r + w)(l + w) 3(s + w) 
1 12f 
00 
dw 
-- = ( ) ( ) ( ) ... (54a) 'Yx,(w) r+w 3 1+w s+w 
u, 
'Yxy(w) = 'Yy,(w) + 'Yx,(w) 
1 
'Yy,(w) 12 f 
u, 
00 dw 
(r + w) (l + w) 3 
1 00 dw 
- (- ) = 12 f ( ) ( )" ...... (54b) 
'Yxz W ., r + W 3 1 + W 
M, 
11'(w) = Gb3'Yxy(w) , where 'Yxy(w) = 'Yy,(w) + 'Yx,(w) 
for cohesive soils. 
Solving Eqs 51 and 52 for J•, the general form of the equation for mass moment 
of inertia is 
pb' 
J• = - C; ... .. .. ... . . .. . ..... ... ... ........ (55) 
12ga 
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where : 
!., 12I(w) [ ( ) ] -- 0 w 2 dw 
b' 
0 
[0(0)]2 ... (56) 
= [-y(O)]2 j"' 12I(w) [-1-]2 dw 
0 b4 -y(w) 
For the special case r = s = 1, for cohesionless soil: 
c,x = C,Y = ¼' 
TABLE IL-APPARENT MASS FACTORS FOR A VERTICAL CONTACT SURFACE PARALLEL TO THE 
xz- PLANE. 
Apparent Mass Apparent Mass Moment of Inertia 
M 8 = P~ Cm 
2ga 
JS=~ Ci 
24ga 
Cm = [-yy(O)]' -- -- dw r 2A(w) [ I ]' 
o a' -yy(w) 
C = [ (O)] ' r 24l(w) [-!-]' dw 
' 'Y o a• -y(w) 
A (w) = f (t + w)(I + w) a• [X(w) = 24 (I+ w)(t + w) 3 
a< I 
2D1 
l' (w) = 24 (I + w)' (t + w 
ay 
t = a, W = - JY(w) = JX(w) + I'(w) a 
Cohesionless Soil Cohesive Soil 
I j"' dw 
-yy(W) = 8 w (I + w)(t + w) 2 
I r dw 
-yy(w) = 2 w (l+ w)(t+w) 
_ I_ = 64 /"' dw I ., dw 
-yy,(w) w (I+ w)(t + w)• -yy,(w) = 24 f,,, (I+ w)(t + w) 3 
_1_= 96 /"' dw 
'Yxy(w) w (I + w) 3 (t + w) 2 
_1_= 24 f"' dw 
'Yxy(w) w (t + w)(I + w)' 
'Yx2(w) = 'Yyz(w) + 'Yxy(w) 'Yx,(w) = -yy,(w) + 'Yxy (w) 
and for r = 1, for cohesive soil: 
c,x = C,Y = 1, c,, = 2 
For other values of r and s, C; may be calculated by numerical integration or by 
the use of the charts in Fig. 5. 
Vertical Contact Surface: 
Equations for apparent mass and mass moment of inertia terms may be derived 
in a similar manner. The :final equations for a vertical contact surface parallel to the 
xz-plane are given in Table II. 
The restrictions imposed by soil and load conditions that applied to the determina-
tion of the spring factors also apply to the apparent mass terms. Indeed, from the 
derivation, it is clear that the spring factors and apparent mass terms of a foundation 
are intimately related. For cohesionless soils, the apparent mass terms found by this 
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procedure have been found to be in excellent agreement with field measurements 
(10, 11). It was noted that for cohesive soils the procedure outlined does not yield 
finite values for apparent mass, although the integrals for apparent mass moment 
of inertia do converge. Very little information is available for this type of soil, and 
it has therefore not been possible to check the theory for this case. 
Soils whose modulus is constant with depth are seldom encountered in nature. 
Even in normally loaded clays, there is some increase of modulus with depth due to 
the consolidation of the lower layers by the weight of the overburden. For these 
cases the expression for cohesionless soils may be modified by assuming an imaginary 
value of h', such that the soil modulus is given by: 
where: 
E(z) = (3(/z + z) .. . . .. . . . .... .. ...... . .. ...... . .. . (3) 
h = !J. + lz' 
p 
The value of h' would also have to be determined experimentally. 
X 
X 
y y 
FIG. 6.-Foundation Coordinates. 
EQUATIONS OF MOTION FOR A BLOCK FOUNDATION 
Although the primary purpose of this paper is the presentation of a procedure for 
determining the equivalent spring constants and apparent mass factors, the paper 
would not be complete without a brief discussion of the equations of motion for the 
equivalent system. For simplicity, the discussion will be limited to the equations for 
a block foundation resting directly on the soil, and damping will be neglected. Damp-
ing decreases both the amplitude and frequency of vibration. The effect of damping on 
frequency is, however, a minor one; it may be shown that the error introduced by 
this simplification will generally be less than 2 per cent for foundation-soil systems 
(I , 10). 
The differential equations for such systems are most readily determined by the 
use of La Grange's equations of motion (12). In order to apply these equations a set 
of six generalized coordinates, q1, q2,. · · · , % are selected, the number corresponding 
to the six degrees of freedom of the system. Since damping is neglected, the system is 
conservative and La Grange's equations take the form: 
<!_ (aT)- a(T - U) = 0 . . _ ·• . _____ . . _. __ . . _. __ . _. _ (57) 
dt aqk aqk 
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where T is the kinetic energy and U the potential energy of the system. When the 
coordinate system is so selected that in the equilibrium position 
(a) the level of the potential energy is zero and 
(b) q1 = q2 = · · · = qs = 0 
then for small amplitudes of oscillation Eq 57 reduces to: 
d~ (aaT) + aau = o ....... .. .. ......... .. .... .... (58) t qk qk 
The above requirements are satisfied by selecting the center of the generalized 
coordinates to coincide with the center of gravity of the combined mass of the 
foundation and the soil moving with it. These coordinates are shown in Fig. 6. The 
spring constants, however, have been defined with respect to a coordinate system 
xyz, whose center lies in the contact plane. Normally the centers of the two coordinate 
systems will not be coincident, but the center of gravity will lie a distance z directly 
above the centroid of the contact surface. For this case the total potential energy 
will be given by: 
U = ½ [k,q,2 + kx(q, + zq,)2 + k,,(q. - zq,)2 + kx,q32 + ky,q52 + kxyq 62] ... . • (59) 
The inertia parameters corresponding to the generalized coordinates are defined by : 
m, = m2 = m, = MF+ M• . . . ..... .. . ...... . ....... . (60a) 
where MF is the mass of the foundation and machine and M• is the apparent mass of 
the soil ; and: 
1n 3 = J YF + j y' , ms = J z'· + J z" . . . . . ... . . (60b) 
where JF and J• are the mass moments of inertia of the foundation and machine 
and of the soil respectively, about the centroidal axes X, Y, and Z . 
Since the equivalent system is assumed to behave as a rigid single mass system, 
and the coordinates selected are independent, the kinetic energy of the system is : 
1 k-6 
T = - L 1nklJk2 .. ••• •...•..• . .• • ..... • 
2 k-1 
. .. (61) 
Substituting Eqs 59 and 60 in Eq 58, the differential equations of motion are 
found to be: 
m,ij, + k,q, = 0 
m2q2 + kx(q2 + zq,) = 0 
m3q3 + zkx(q2 + zq3) + kx,q, = 0 ... . .. . ... ... .... . .. .. .. (62) 
m,·q, + ky(q, - z qs) = 0 
m.q6 - zky(q4 - zq5) + ky,q, = 0 
msizs + kxylJs = 0 
THE FREQUENCY EQUATIONS 
Assuming the solutions of Eq 62 to be of the form: 
qk = Ak sin(wt +if,) .... (63) 
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we obtain upon substitution in Eq 62: 
(k, - in1w2)A, = 0 
(kx - m,w2)A2 + zkxA, = 0 
zkxA2 + (z'kx + kx, - m3w2)A 3 = 0 . . . . . . ... .. .. . .. .. ... ... . ( 64) 
(ky - m4w2)A. - zkyAs = 0 
- zkyA4 + (z2ky + ky, - msw')As = 0 
(kxy - m,w2)As = 0 
Since the amplitudes A 1c must be different from zero, the above equations are com-
patible only if the determinant of the coefficients of A1t is identically equal to zero. 
Thus: 
(k, - m1w2) 0 0 0 0 0 
0 (kx - m,w') zkx 0 0 0 
0 zkx (z'k x + 1,x, - m 3w2) 0 0 0 = 0 . . (65) 
0 0 0 (ky - m.w2) - zky 0 
0 0 0 - zky ( 2ky + ky, - m,w2) 0 
0 0 0 0 0 Uixy - Jll5u)) 
Equation 65 is an algebraic equation of degree six in w2 and when solved yields the 
following values for w2 : 
k, 
W12 = -
11Z1 
... . (66) 
The expressions under the radical sign are always positive and smaller than the 
first term; hence w2 is real and positive. It should also be noted that the horizontal 
displacement and rotational modes in the XZ and YZ planes are coupled. The princi-
pal or lower frequency modes represent rocking oscillations of the foundation about a 
center below the mass center, whereas the higher frequency modes are rocking 
motions about a center above the center of mass. 
COMPUTATIONS FOR THE NATURAL FREQUENCIES OF A TYPICAL FOUNDATION 
To demonstrate the procedure for computing the natural frequencies of a block 
foundation, the frequencies for a square test block will be computed. The dimensions 
of the block (Fig. 6) are: 
a = b = 3 ft, 6 in. C = 2 ft, 0 in. 
This block was founded on a well-graded dense cohesionless sand for which (3 
was determined to have a value of about 270 kips per cu ft by means of dynamic tests 
(1 kip = 1000 lb) . 
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Assuming 
we have: 
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µ, = 0.35, 
"' = 1, 
p, = 110 lb per cu ft , and 
p, = 150 lb per cu ft, 
/3 270 
/3' = --- = - = 100 kips per cu ft 
2(1 + µ,) 2.7 
q = Cp0 = (2)(150) = 300 psf 
q 300 
h = - = - = 2.73 ft 
Ps 110 
a 
r = i; = 1, 
abcp, 
Jl;[ F = --
g 
ah 2.73 
s = - = = 0.78 
b 3.5 
(3.5)2(2) (150) 
---- = 111 lb-sec2 sq per ft 
32.2 
From Fig. 2 we have for r = 1 ands = 0.78 : 
'Yz = 1.7 and ')'yz = 'Yxz = 0.27 
The equivalen t spring constants are therefore: 
k. = W 'Yz = 270(3.5)2(1.7) 
kx = ky = /3' b2-y, = 100(3.5)2(1.7) 
5630 kips per ft 
2080 kips per ft 
k y, = kx , = /3b4-y ,.,. = 270(3.5)4(0.27) = 10,900 kip ft 
kxy = f3'b4(')' y, + 'Yx,) = 100(3.5)4(0.54) = 8100 kip ft 
From Fig. S we have for r = 1 and s = 0. 78: 
Cm= 0.84 C;x = C;Y = 0.30 C;• = 0.60 
The apparent mass factors are therefore : 
pb 3 (110)(3.5)3 ( ) 
111' = - Cm = ---- 0.84 
ga 32.2 
= 123 lb-sec2 per ft 
pb5 (110) (3.5)5 
J x' = J y' = - C ;x = ( ) ( ) (0.30) = 45 lb-f t-sec2 
12ga 12 32.2 
pb5 (110) (3 .5)5 
J ? = 12ga Ci' = (12)(32.2) (0.60) = 90 lb-ft-sec2 
The center of gravity of the total equivalent mass is located by: 
11fF(c/ 2) (111) (1) 
z = --- = ---- = 0.475 ft 
lv[F + M • 111 + 123 
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The mass moments of inertia of the block with respect to the xyz coordinates are:· 
J ,_F = J YF = }.fF (£:_ + ~) = 111 ((3,5)2 + (2)2) = 261 lb-sec2 ft 
12 3 12 3 
b2 (3.5) 2 
J F = MF - = 111 -- = 227 lb-sec2 ft 
' 6 6 
The inertia parameters are therefore : 
m1 = m2 = m4 = MxF + M• = 111 + 123 = 234 lb-sec2 per ft 
ma = ms = JxF + Jx• = JxF + Jx• - (MF+ M•)z2 
= 261 + 45 - (234)(0.475)2 253 lb-ft -sec1 
m6 = JzF + Jz' = 227 + 90 = 317 lb-ft-sec2 
TABLE 111.-DYNAMIC SOIL CONSTANTS. 
Dynamic Force, lb 
300. 
400 .. 
500 .. 
600 ... 
Average experimental value. . . . . .. 
Theoretical value . . .. ... ........ . 
Spring Factor kz , kips per ft 
5080 
5030 
4700 
4780 
4900 
5630 
Apparent Mass M", lb-sec' per ft 
113 
120 
118 
127 
120 
123 
The frequencies for the several modes can now be found by substitution in Eq 66, 
thus: 
WJ = • /k. = V m1 
5,630,000 --
234 155 radians per sec; 
60 
155 - = 1480 rpm 
2,r 
+ z'kx + kxz 
1n2 nza 
( 2.08 (0.475)
2(2.08) + 10.9)) - + ------- 106 = 53 826 
234 253 ' 
4kxkx, = 4(2.08)(10.9) 1012 = 1531.84 X 106 
m2m3 (234) (253) 
1000 ~-------
w2, 32 = w,,,2 = - 2- (53.826 ± V (53.826)2 - 1531.84] = 8438; 
w2=w4= V 8438 = 91.9 radians per sec; 
W 3 = W5 = V45,389 = 213 radians per sec; 
45,389 
60 
w, = w, = 91.9 - = 875 rpm 
2,r 
60 
w, = Ws = 213 - = 2035 rpm 
2,r 
, /kxy _ 
W6 = V 111,6 - 8,100,000 --317 160 radians per sec; 160 60 = 1525 rpm 2,r 
The critical frequencies of the observed modes for this test block were w1 = 1380 
rpm for a dynamic force of 600 lb to 1425 rpm for a dynamic force of 300 lb; w2 = 
810 rpm for a dynamic force of 150 lb to 940 rpm for a dynamic force of 50 lb. The 
spring factor k. and the apparent mass M• were also determined experimentally from 
the amplitude response curves, using the methods developed by Spath (13) and were 
found to be as given in Table III. 
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From this test and similar tests on other foundation blocks, the following general 
conclusions were made for cohesionless soils (10) : 
1. The spring factors for a foundation tend to decrease with increasing amplitude 
of oscillation and with increasing frequency of the source of vibration. 
2. The equivalent viscous damping is less for large amplitudes of oscillation. 
3. The accuracy with which the critical frequencies can be predicted is of the same 
order of magnitude as the frequency shift observed for varying amplitudes of os-
cillation. 
For design purposes it is therefore recommended that the dynamic factors be de-
termined for the maximum amplitude level to be tolerated in the foundation. Care 
should be taken in making measurements that only a single mode is excited and that 
the test base plate remains in contact with the soil throughout the complete cycle 
of oscillation. 
CONCLUSIONS 
The method of analysis presented in this paper is still in the formative stage. More 
data are required to confirm the accuracy of the procedure, especially for foundations 
on cohesive soils. For cohesionless soils the correlation between predicted and ob-
served behavior has been excellent for all cases tested. 
It must be remembered that the oscillations of foundation-soil systems are non-
linear except for very small amplitudes of vibration. Exact prediction of their be-
havior is therefore impractical if not impossible. Consequently there exists a need for 
a simple approximate procedure of analysis to guide the designer in evaluating his 
design. The procedure presented is therefore offered to the profession to fulfill this 
need. 
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